We study the structure of 2D electronic states in a strong magnetic field in the presence of a macroscopic number of resonant scatterers. For an electron in the lowest Landau level, we derive the exact density of states by mapping the problem onto a zero-dimensional field-theoretical model. We demonstrate that the interplay between resonant and non-resonant scattering appears to be highly non-trivial and leads to a non-analytic energy dependence of the electron Green function. In particular, for strong scattering the density of states develops a gap in a finite energy interval. The shape of the Landau level is shown to be highly sensitive to the distribution of resonant scatterers.
During recent years there has been a growing interest in the role of multiple resonant scattering in transport. Most of the studies have been related to the passage of light through a disordered medium. In particular, it was shown in a recent experiment [1] and subsequent works [2] , that multiple scattering near resonances leads to a renormalization of the diffusion coefficient up to an order of magnitude.
It is natural to expect that resonant scattering would also affect quite strongly the properties of electrons in disordered systems. Although scattering of an electron by a single (or several) resonant impurity has long been the subject of rather intensive studies, the effect of multiple resonant scattering, to the best of our knowledge, has not been addressed so far. The effective trapping of the electron in each resonant state is expected to suppress diffusion, just as in optics [1, 2] . This would in turn be evident in the single-particle density of states (DOS) and localization properties.
In this paper we study the electronic states of a 2D system in a strong magnetic field in the presence of a large number of resonant scatterers. This choice is motivated in part as experimental structures with such geometry became recently available thanks to remarkable advances in the fabrication of arrays of ultra-small self-assembled quantum dots [3] . With typical sizes of less than 20 nm and very narrow variations of less than 10%, an array of such dots with density 10 10 − 10 11 cm −2 can be produced at some preset distance from a plane of a high mobility electron gas. As the Fermi energy in the plane approaches the levels of dots, the virtual transitions between dots and the plane result in multiple resonant scattering.
Such scattering which, in principle, extends through the entire system, is shown below to strongly affect the DOS of a 2D electron.
The DOS of 2D disordered electronic systems in a quantizing magnetic field has been extensively studied for the last two decades [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . The macroscopic degeneracy of the Landau levels (LL) makes impossible a perturbative treatment of even weak disorder and calls for non-perturbative approaches. For high LL, Ando's self-consistent Born approximation [4] was shown to be asymptotically exact for short-range disorder [9, 11] , while in the case of long-range disorder the DOS can be obtained within the eikonal approximation [11] . For low LL and uncorrelated disorder, the problem contains no small parameter and neither of those approximations apply. Nevertheless, Wegner was able to obtain the exact DOS in a white-noise potential for the lowest LL, by mapping the problem onto that of the 0D complex φ 4 -model [7] . This remarkable result was extended to non-Gaussian random potentials by Brezin, Gross, and Itzykson [8] within the functional-integral approach, and recently to multilayer systems [13] .
The "regular" disorder broadens the LL into a band of width Γ. At the same time, the resonant scattering leads to a sharp energy dependence of the DOS near the resonance. The scattering is enhanced close to the LL center and is suppressed in the tails. Therefore, the efficiency of resonant scattering is characterized by the ratio γ/Γ, where γ is the width of the energy spread of resonant states.
The interplay of the resonant and non-resonant scattering leads to a rather complex energy dependence of the DOS. Remarkably, for the lowest LL the problem can be solved exactly [see Eqs. (8) and (9) below]. We exploit the hidden supersymmetry of the lowest LL [8] in order to map the averaged Green function onto a version of 0D field theory. The DOS appears to be non-analytic as a function of energy; in particular, it develops a gap as resonant scattering becomes strong.
The model.-Consider a 2D electron gas separated by a tunneling barrier from a plane of quantum dots giving rise to localized states (LS). In addition to LS, a Gaussian random potential V (r) with correlator V (r)V (r ′ ) = wδ(r − r ′ ) is present in the plane. We assume that energies of LS are close to the lowest LL and adopt the tunneling Hamiltonian
where ǫ µ , c † µ and c µ are the eigenenergy, creation and annihilation operators of the eigenstate |µ of the Hamiltonian H 0 + V (r) (H 0 describes a free electron in magnetic field), ǫ i , c † i and c i are those of the ith LS, and t µi is a tunneling matrix element. The latter is defined as
is the LS potential and ψ i (r, z) is its wave function. In the direction normal to the plane, the wave function ψ * µ (r, z) decays as e −κz , while in the plane it behaves as an eigenfunction ψ * µ (r) of the Hamiltonian H 0 + V (r). For high enough tunneling barrier, the dependence of κ on µ can be neglected [14] , so that t µi ≃ ψ * µ (r i )t i . Notice that a tunable tunneling matrix element allows us to study the interplay between LS scattering and the random potential, while it models well the self-assembled dot system nearby the 2D electron gas.
A formal expression for the Green function of a 2D electron with energy ω, G µν (ω) = µ|(ω −Ĥ) −1 |ν , can be derived by integrating out the LS degrees of freedom. It has the formĜ(ω) = (ω −ǫ −Σ) −1 , whereǫ is a diagonal matrix with elements ǫ µ , and self-energy matrix,
describes electron scattering in the plane by the LS. In such a form, however, the Green function is hard to analyze. Instead, it is convenient to work with an effective in-plane
Hamiltonian, H eff , for the electron with energy ω. Recasting Σ µν in coordinate representa-
incorporates the resonant scattering of electron by the LS. The potential (3) resembles that of point-like scatterers. The crucial difference, however, is that here scattering strength depends on the proximity of the electron energy to the LS levels. It is important to notice that U(ω, r) changes from repulsive to attractive as the electron energy passes through the resonance.
In the following, the positions of LS are assumed random with uniform density n LS .
A strong magnetic field implies that scattering keeps electron in the lowest LL. While for the white-noise potential this condition is standard, it is certainly more restrictive for the resonant scattering. It should be noted, however, that the latter is effectively reduced by the energy spread of LS.
The DOS is related to the Green function G(r, r) = r|(ω + − H eff ) −1 |r , as g(ω) = −π −1 ImG(r, r), where ω + = ω + i0 and the overbar stands for averaging over the Gaussian potential V (r) and Poissonian potential U(ω) with energy-dependent (random) scattering strengths. Below, we derive this DOS exactly by using the approach of Ref. [8] .
Derivation of DOS.-The Green function is presented as a bosonic functional integral
After writing the normalization factor as a fermionic integral with the action
As a next step, one introduces Grassman coordinates θ and θ * , normalized as 
where ξξ * ≡ |z| 2 + θθ * and S[Φ, Φ] is obtained from (4) by substitutingūu +vv =
We now perform the ensemble averaging over V and U. The Gaussian averaging of
, while the averaging of exp i UQd 2 z with a Poissonian distribution function yields [15] exp
where · · · ǫ,t denotes averaging over ǫ and t. As a result, one obtains the following effective
where we introduced α(ξ, ξ * ) = e −ξξ * /2l 2Φ (ξ * )Φ(ξ). Here Γ = (w /2πl 2 ) 1/2 is the lowest LL width in the absence of resonant scattering, ν = 2πl 2 n LS is the "filling factor" of LS, and λ = δ 2 /(ω − ǫ), with δ = t/(2πl 2 ) 1/2 , characterizes the scattering strength.
The rest of the derivation follows closely the lines of Ref. [8] . The action (7) has a hidden supersymmetry, characteristic for the lowest LL [7] , which can be made explicit by making use of the identity n 2πl 2 d 2 θe −θθ * /2l 2Φ Φ n = 2πl 2 d 2 θe −nθθ * /2l 2 (ΦΦ) n . It allows one to replace any functional of the form
where ∂h(x)/∂x = f (x)/x. As a result one obtains a manifestly supersymmetric action
The supersymmetry leads, in turn, to the exact cancelation of contributions from z and θ spatial integrals into each diagram, so that the entire perturbation series can be generated in the 0D field theory with the same action [7, 8] . The Green function is then given by the ratio of two ordinary integrals,
with A(φφ * ) from (8) . From this Green function, the DOS is obtained as
where the derivative applies only to the first term of (8) .
Examples.-We specify distributions of resonant levels ǫ and tunneling strengths δ as Gaussian centered atǭ andδ with widths γ and ∆, respectively [16] . Both averages in (8) can be done analytically, yielding
where J 0 is the Bessel function. For the height of the tunneling barrier much larger than the spread of the levels, one can neglect the differences in δ for different LS, and set ∆ = 0.
Numerical results for the DOS for several sets of parameters are presented in Fig. 1 .
Consider first the case of a strong in-plane disorder, Γ/δ ≫ 1. For a not very small γ, so thatδ 2 /γΓ ≪ 1, the Bessel function in (10) can be expanded to first order, so that the Green function takes the form G(ω) = G W (ω −Σ), where G W (ω) is Wegner's Green function (i.e., in the absence of resonant scatterers, ν = 0) and Σ(ω) = −iνδ 2 ∞ 0 dxe −γ 2 x 2 /2+i(ω−ǭ)x is the first-order self-energy due to the resonant scattering. If the resonant level is far from the LL tails, ω ∼ǭ ≪ Γ, one can expand G W (ω − Σ) in terms of Σ. Then the first-order correction to the DOS reads
where g W (ω) is Wegner's DOS, given by (8) with ν = 0.
Resonant scattering in this case manifests itself as a drop of width γ on top of the wider peak of width Γ. The evolution of the DOS with increasingδ/γ is shown in Fig. 1(a) . The effect is strongest forδ/γ ≫ 1, however splitting remains considerable even for γ/δ ≃ 1. For δ/γ ≪ 1 the DOS is basically unaffected by resonant scattering and reduces to Wegner's form g W (ω).
With increasing scattering δ/Γ, the shape of the DOS undergoes drastical transformation [see Fig.1(b) ]. For a strong scattering, the DOS develops a gap in the energy interval ω(ω −ǭ) < 0. The existence of the gap can be traced directly to Eq. (8) (with vanishing γ/δ and Γ/δ). In this energy interval the integration path in the α-integral in (9) can be rotated by e −iπsgn(ω−ǫ)/2 , resulting in a purely real iA. The physical origin of the gap is the following. If the "regular" disorder is weak (small Γ), the LL broadening comes from the resonant scattering alone. Assuming that the resonant level position lies to the right of the LL center, the scattering potential (3) appears to be attractive for ω < ǫ, pulling the electronic states from the LL center to the left, while for ω > ǫ the potential is repulsive, pushing the states to the right. Note that for a low density of scatterers, ν < 1, a fraction 1 − ν of states in the plane remains unaffected. Such a "condensation" of states was known also for the case of repulsive point-like scatterers with a constant scattering strength [5, 8] . Furthermore, it can be shown that near the LL center, ω → 0, the DOS exhibits a discontinuity, g(ω) ∝ (1 − ν)δ(ω) + const/|ω| ν , [or ω −1 ln −2 |ω| for ν = 1], while near the resonance, ω →ǭ, it vanishes as (ω −ǭ) 1−ν [or ln −2 (ω −ǭ) for ν = 1].
For small resonant-level distribution width γ, the structure of the DOS is indeed quite intricate: in addition to the discontinuity at ω = 0, there are smaller peaks, one to the left and one to the right of the gap [see Fig. 1(b) ]. For weak scattering, the origin of the latter peaks can be illustrated as follows. Away from the gap,δ 2 /ω(ω −ǭ) ≪ 1, the exponent in the β-integral in (8) can be expanded to second order, yielding the Wegner-like DOS
It is easy to see that this DOS peaks at two values of energy outside of the interval ω(ω −ǭ) < 0: ω 1 =ǭ/2 − ǭ 2 /4 + νδ 2 < 0, and ω 2 =ǭ − ω 1 >ǭ; and that the width of the left peak is smaller than that of the right,Γ(ω 1 ) <Γ(ω 2 ). With increasing spread of the levels γ, the gap and the smaller peaks are washed out; however the peak at ω = 0 persists throughout [see Fig. 1(c) ].
In summary, we have obtained the exact DOS in the lowest LL in the presence of random resonant scatterers by mapping the averaged electron Green function onto that of the 0D field theory with the action (8) . Our results show that the dependence of the DOS on the energy is non-analytic. In particular, in the limit of strong tunneling the DOS vanishes in a finite energy interval.
As a possible experimental realization of the multiple resonant scattering, we suggest a system of self-assembled quantum dots separated from a 2D electron gas by a tunable tunneling barrier. Due to the ultra-narrow distribution of dots' sizes, the spread in their energy levels, γ, does not exceed 10 meV [16] . For considerable effect of the resonant scattering, one must haveδ 2 /γΓ ∼ 1. For a typical LL width Γ ∼ 1 meV, this condition implies that the parameter δ should be about several meV, which would be reasonable to achieve. Moreover, forδ/Γ > ∼ 1, an even weaker condition, the tunneling would be relatively strong and the effect of the resonant scattering would be significant.
Finally, we have disregarded the possible charging effects and assumed that the transitions occur between the plane and unoccupied dots. Certainly, as the Fermi energy approachesǭ some of the dots will become singly occupied. Once occupied, such dots would have much higher energies and would not participate in the resonant scattering, reducing the effective density n LS , apart from producing uniform Coulomb shifts in the energies of 
